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In this paper we present the homogenization of a periodic multilayered pressurized tube made of very
dissimilar elastoplastic materials. We focus on some aspects of technological importance, such as the
effective properties, the behavior of the homogenized displacements and stresses, the discontinuities
of hoop and longitudinal stresses, the homogenization-induced anisotropy. We conclude that the prob-
lem needs to be reformulated in order to be stable by homogenization and we deﬁne the effective elastic
and incremental stress corrector matrices for the incremental stress–total strain matrix law. Finally, we
present the numerical simulation for both the non-homogeneous and the homogenized material and two
numerical examples conﬁrming the theoretical results.
 2009 Elsevier Ltd. All rights reserved.e1. Introduction
Efﬁcient homogenization techniques are used to describe the
overall behavior of highly heterogeneous materials, assumed to
exhibit some simplistic properties, such as isotropy, smooth or
continuous gradation of material properties, etc. Engineers some
times rely on continuum theories that describe the effect of heter-
ogeneities at a larger scale and in a more or less arbitrary ‘‘average”
sense. In many cases such computations would deliver more infor-
mation than it is required at a sufﬁciently low cost.
However, many homogenization procedures cannot guarantee
that the effective characterization follows the characterization of
the phases. Then it could be interesting to look for the conditions
under which a given multiphase model is stable by homogeniza-
tion. On the other hand, some effective descriptions of highly het-
erogeneous materials fail to capture the inﬂuence of the spatial
scale of the heterogeneity on the overall response of the material.
Mathematical homogenization provides a consistent deﬁnition of
both the homogenized procedure and the homogenized equations.
It consists in setting the problem as a sequence of equations
describing the heterogeneous material when the heterogeneities,
whose typical size is characterized by a parameter e, become smal-
ler and smaller. In periodic materials, the parameter e deﬁnes the
periodic microstructural scale relative to the entire body. For in-
stance, in layered materials it may characterize the order of the
thickness of the numerous thin layers. Then all ﬁeld quantities /e
can be described in terms of two spatial scales, namely x andll rights reserved.
: +30 2310995679.
mbakis).y ¼ x=e, where / ¼ /ðx; yÞ ¼ /ðx; x=eÞ. In linear elasticity prob-
lems, a multiscale ﬁeld variable (asymptotic expansion) and the
ﬂow rule for the gradient operator @=@xi þ 1e @=@xi
 
can be used
to separate the partial differential equations into equations of dif-
ferent scale orders leading to homogenized equations and effective
parameters (Bakhalov and Panasenko, 1989). In nonlinear prob-
lems, the asymptotic homogenization is not generally applicable.
Then, nonlinear functional analysis techniques should be used to
prove that the mathematical problem is well posed, or at least that
we are able to prove the existence of, at least, one solution of the
problem and an a priori estimate for it in some functional space.
The problem is then to try to pass to the limit when e! 0. This
is a difﬁcult task, since weak topologies are involved and since
passing to the limit is a nonlinear process (even if the heteroge-
neous problem is linear), when both the solution and the coefﬁ-
cients are concerned. The homogenization procedure does not
need necessarily any material periodicity, which is needed only
for obtaining unique effective coefﬁcients. Mathematical homoge-
nization has been proved to be successful in many cases and will
be adopted in the present paper. To quote only a very few works
in this direction, let us mention Babuska (1976a), Babuska
(1976b), Murat (1977), Tartar (1977), Bensoussan et al. (1978)
and Sanchez-Palencia (1978). In many cases, mathematical homog-
enization gives explicit formulas for the effective parameters. More
speciﬁcally, the explicit dependence of the effective parameters on
the boundary and initial (if the problem is inelastic) conditions
may be obtained. The boundary conditions-effect is related to the
fundamental micromechanics problem.
The choice of a macroscopic constitutive model, whose material
parameters are ﬁtted into experimental data, is a decisive step to
Fig. 1. Periodic material: internal pressure problem.
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model must then reﬂect somemicrostructural information. It could
be interesting to look for the conditions under which a model has
the same form at the phases’ level too. This allows one to look for
effective parameters (which then have a sense), and makes easier
the mechanical characterization of heterogeneous materials. Gen-
eralizing this concept to the other governing equations, we will
say that, if the equations of the limit problem are of the same type
than the equations describing the heterogeneous material, then the
problem is stable by homogenization (see also Charalambakis and
Murat (2007)).
In this paper we study the homogenization of a pressurized hol-
low circular cylinder composed of elastic–perfectly plasticmultilay-
ered materials, with properties exhibiting discontinuities in the
radial direction. The elastic and elastoplastic response of homoge-
neous and non-homogeneous thick- or thin-walled tubes under dif-
ferent boundary conditions was studied by Chatterjee (1970),
Mukhopadhyay (1982), Geymonat et al. (1987a,b), and more re-
cently investigated by Batra and Adulla (1995), Batra and Rattazi
(1997), Horgan and Chan (1999a,b), Chen et al. (2000), Krishnaswa-
my and Beatty (2001), Tarn and Wang (2001), Burns and Davies,
2002, Tarn (2002b,a), Batra and Love (2004), Ruhi et al. (2005),
Eraslan and Akis (2005), Batra and Lear (2005), Boussaa (2006) and
Hosseini Kordkheili and Naghdabadi (2007). In many non-homoge-
neous cases the heterogeneities are assumed to obey deﬁned
smooth or continuous spatial variations. We note that in Chen
et al. (2005) (see alsoDrago and Pindera (2007)) the effects ofmicro-
structural reﬁnement and homogenization on the contact pressure
and sub-surface stresses for the ﬂat punch contact problem on peri-
odically laminatedmultilayers were studied and the concept of par-
tial homogenization was introduced leading to stress exhibiting
very high stress gradients at the top layers. The problem of a tube
made of cylindrically anisotropic elastic non-homogeneous periodic
materials under axial force, torque at the ends, internal and external
pressure, uniform in plane and antiplane shears on the inner and
outer surfaces, was studied in Chatzigeorgiou et al. (2008) and
turned out to be stable by homogenization.
In the present paper, we reformulate the incremental stress–to-
tal strain matrix relation, needed for this problem, for which the
incremental stress–strain equations
_re ¼ Cee _ee ¼ Ceeð _e  _peÞ; ð1Þ
turn out to be not stable by homogenization, since the product
Cee _pe does not converge to a product of effective matrices (Sections
2 and 3). Moreover, in Section 2, we show that even this new formu-
lation allows for the manifestation of homogenization-induced
anisotropy, if the non-homogeneous material is assumed to be iso-
tropic. More speciﬁcally, regarding the incremental stress correc-
tion vector, we capture two effective plastic work-dependent
parameters: one dependent on both elastic and plastic properties,
having incremental stress dimension, and one dependent only on
the plastic work, having incremental strain dimension. Combination
of these parameters affects only the effective hoop and axial stres-
ses, which both are not tractions. It is worth noticing that these
effective parameters are independent. In Section 3 we present the
homogenization of a cylindrically anisotropic tube. We ﬁnd the
effective elastic matrix and the effective incremental stress correc-
tion vector. Regarding the incremental stress correction vector, both
non-homogeneous and homogenized materials exhibit three plastic
work-dependent parameters, dependent also on the elastic, non-
homogeneous and effective, respectively, parameters. Contrarily to
the heterogeneous parameters, the effective plastic parameters
are independent. Among these parameters, the ﬁrst one is an incre-
mental plastic strain-dimensioned parameter, while the second and
the third parameters are incremental stress-dimensioned parame-ters. Only the ﬁrst effective incremental plastic strain-like parame-
ter enters into all effective incremental stresses. Moreover, in
Section 4 we present numerical simulation of this problem, which
is based on a modiﬁed ‘‘initial stress” ﬁnite differences method, in-
spired by the well known ‘‘initial stress” Finite Element Method
(Zienkiewicz et al., 1969). Finally, in Section 5, two numerical exam-
ples conﬁrm the theoretical ﬁndings.
2. Homogenization results for the isotropic non-homogeneous
tube. Homogenization induced anisotropy
In the sequel, we refer to a long internally pressurized tube with
axially constrained ends, having the section of Fig. 1, with the
internal and external radii a and b, respectively. The length of the
cylinder is sufﬁciently long with respect to its width that it allows
one to consider a plain-strain problem. The only assumed displace-
ment is the radial displacement uer ¼ ue. Furthermore, it is assumed
that the pressure pi is increased so gradually that the tube is ﬁrst
deformed elastically. The tube is made of numerous isotropic lay-
ers of small thickness e of very dissimilar materials. The parameter
of heterogeneity e enters to all functions. We will use polar coordi-
nates r; h; z, with the axis z along the axis of the tube. In incremen-
tal plasticity, the increment of total strain is divided in an elastic
and a plastic part (Khan and Huang, 1995)
_e ¼ _ee þ _pe; ð2Þ
where the dot over a function denotes partial derivative with time
or, under the assumed slowly increasing pressure conditions, the
increment of this function during a pseudo time. The incremental
stress–strain relationships under plane strain conditions are
_rer
_reh
_rez
2
64
3
75 ¼
Ae AeN
AeN Ae
AeN AeN
2
64
3
75 _er  _per
_eh  _peh
" #
; ð3Þ
where
AeðrÞ ¼ E
eðrÞð1 meðrÞÞ
ð1þ meðrÞÞð1 2meðrÞÞ ; N ¼
m
1 m ; ð4Þ
are the elastic coefﬁcients of the heterogeneous material (EeðrÞ is
the Young modulus and meðrÞ is the Poisson radio), which are as-
sumed to exhibit discontinuities, being only bounded from above
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tions are valid for the yield limit in tension re0ðrÞ of the heteroge-
neous material. Since the spatial variation in Poisson’s ratio is of
much less practical importance than that in Young’s modulus, we
assume that meðrÞ varies only in AeðrÞ. In the sequel, we will omit
the dependence of functions on r, the index e only being retained.
The radial and angular incremental strains are given in terms of
the radial incremental displacement
_er ¼
d _ue
dr
; _eh ¼
_ue
r
: ð5Þ
The equilibrium condition for the increments of stresses, using (3)
and (5), reads
d _rer
dr
¼ _r
e
h  _rer
r
¼ 1 N
r
_rer þ
1 N2
r2
Ae _ue  1 N
2
r
Ae _peh : ð6Þ
Moreover, from (3) and (5) we get
_er ¼
d _ue
dr
¼ 1
Ae
_rer 
N
r
_ue þ _per þ N _peh : ð7Þ
Eqs. (6) and (7) are accompanied by the boundary conditions
_rerðaÞ ¼  _pi; _rerðbÞ ¼ 0: ð8Þ
It is worth noticing that the homogenization process does not need
any continuity conditions. All unknown functions are allowed to be
discontinuous in the space of bounded functions L1ða; bÞ and their
convergence as e! 0 is studied. As it will be proved in the sequel,
two of them, namely the radial normal stress and the radial dis-
placement, converge strongly in the space of continuous functions
as e! 0. Due to the fact that in all elastic regions (see Appendix B)
reh > r
e
z > r
e
r ; ð9Þ
the Tresca yield criterion for elastic–perfectly plastic material is
f e ¼ reh  rer  re0 ¼
negative; _pe ¼ 0;
0; _pe – 0:

ð10Þ
The ﬂow rule for f e ¼ 0 gives
_per ¼ _ke
@f e
@rr
¼  _ke; _peh ¼ _ke
@f e
@reh
¼ _ke; _pez ¼ _ke
@f e
@rez
¼ 0; ð11Þ
where _ke is the non-homogeneous plastic work-dependent multi-
plier. These expressions for the plastic incremental strain compo-
nents indicate that the material remains in the plane strain
condition after the appearance of plastic deformation. The consis-
tency condition for the plastic zones ðf e ¼ reh  rer  re0 ¼ 0Þ
_f e ¼ _reh  _rer ¼ 0; ð12Þ
with the use of (3), (5), (7) and (11), leads to
0 < _ke ¼ _eh 
1
Aeð1þ NÞ _r
e
r : ð13Þ
So, the non-homogeneous plastic work-dependent multiplier is gi-
ven by
_ke ¼ 0;
_f e – 0;
_ue
r  11þN 1Ae _rer ; _f e ¼ 0:
(
ð14Þ
From Eqs. (6), (7) and (11) we get
d _rer
dr
¼ 1 N
r
_rer þ
1 N2
r2
Ae _ue  1 N
2
r
Ae _ke;
d _ue
dr
¼ 1
Ae
_rer 
N
r
_ue  ð1 NÞ _ke;
ð15Þ
or, by using (13),d _rer
dr
¼ 
1N
r
_rer þ 1N
2
r2 A
e _ue; _ke ¼ 0;
0; _ke > 0;
(
d _ue
dr
¼
ð1=AeÞ _rer  N _ue=r; _ke ¼ 0;
2=Ae
ð1þNÞ _r
e
r  _ue=r; _ke > 0;
( ð16Þ
while from Eqs. (3) and (11) we get
_rer ¼ Ae
d _ue
dr
þ NAe _u
e
r
þ ð1 NÞAe _ke;
_reh ¼ NAe
d _ue
dr
þ Ae _u
e
r
 ð1 NÞAe _ke;
_rez ¼ mð _rer þ _rehÞ:
ð17Þ
Additionally, _reh is written
_reh ¼ N _rer þ ð1 N2ÞAe
_ue
r
 ð1 N2ÞAe _ke: ð18Þ
The system of linear differential equations (15) or (16) with bound-
ary conditions (8) is similar to the system studied in Chatzigeorgiou
et al. (2008), provided that continuity conditions for _rer and _uer at the
common points of elastic and plastic regions during every incre-
mental loading are added. Due to the weak formulation of the ﬁrst
order differential equations (16), describing the heterogeneous
problem, one cannot obtain a second order ordinary differential
equation in the radial displacement before proving the compactness
of radial stress and displacement (i.e. the boundness of these func-
tions and of their ﬁrst derivatives). In other words, the term
ð1=AeÞ _rer in the second equation of (16) cannot be differentiated
as a product in order to be combined with the ﬁrst equation of
(16) and give a second order ordinary differential equation in the
radial displacement.
Following parallel lines with Chatzigeorgiou et al. (2008), we
can prove (see Appendix A) that _rer and _uer converge strongly in
the space of continuous functions Cða; bÞ. Recalling (17), (18), (5)
and (11), we can show that all the other incremental stress and
all incremental strain components converge weakly in the space
L1ða; bÞ of bounded functions. We now deﬁne
_Ke ¼ Ae _ke ¼ Ae _u
e
r
 1ð1þ NÞ _r
e
r : ð19Þ
We will verify that this is one of the two plastic coefﬁcients whose
limit enters in the expressions of the weakly convergent incremen-
tal stress components _reh and _rez in (17) when the non-homoge-
neous parameter e tends to zero.
In the sequel, we denote by h/ei the mean value of a periodic
function /e and by wh the weak limit in the space of bounded func-
tions of the sequences we when e! 0.
Since _rer and _ue converge strongly, we can pass to the limit in
the linear equations (15) and obtain the differential equations of
the homogenized material
d _rhr
dr
¼ 1 N
r
_rhr þ
1 N2
r2
hAei _uh  1 N
2
r
_Kh;
d _uh
dr
¼ 1
Ae
 
_rhr 
N
r
_uh  ð1 NÞ _kh;
ð20Þ
where from (13) and (19) and by passing to the limit we have
_kh ¼ _u
h
r
 1ð1þ NÞ h
1
Ae
i _rhr ; _Kh ¼ hAei
_uh
r
 1ð1þ NÞ _r
h
r : ð21Þ
Passing to the limit in (17), with the help of the second equation
(20) and (18), gives the incremental stress components of the
homogenized material in terms of the displacement and two plastic
parameters _kh and _Kh,
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1
h1=Aei
d _uh
dr
þ Nh1=Aei
_uh
r
þ 1 Nh1=Aei
_kh;
_rhh ¼
N
h1=Aei
d _uh
dr
þ N
2 þ ð1 N2ÞhAeih1=Aei
h1=Aei
_uh
r
 ð1 N
2Þh1=Aei _Kh þ ðN2  NÞ _kh
h1=Aei ;
_rhz ¼ mð _rhr þ _rhhÞ:
ð22Þ
Comparing (17) with (22) reveals that the homogenized material
exhibits elastic and plastic anisotropy. Concerning the elastic
anisotropy, we refer to Chatzigeorgiou et al. (2008). Concerning
the plastic anisotropy, it is worth noticing that, contrarily to _kh,
which is a quantity of the order of small incremental plastic strain,
the homogenization-induced coefﬁcient _Kh is measured like an
incremental stress. Although both the non-homogeneous and the
homogenized plastic incremental strain components are deﬁned
exclusively from _ke and _kh, respectively, the expressions for the
stresses differ: the stresses of the non-homogeneous material de-
pend exclusively on one plastic work-dependent parameter _Ke,
while the effective stresses depend on two independent effective
plastic work-dependent parameters _kh and _Kh. A ﬁnal observation
is that, although in the non-homogeneous material _rez depends only
implicitly on the incremental plastic strain _ke, in the homogenized
material _rhz depends explicitly on the effective incremental plastic
strain _kh. The homogenized yield criterion f h, the homogenized con-
sistency equation, the homogenized incremental total _hr ; _
h
h and
plastic _phr ; _
ph
h strains can be obtained directly by passing to the lim-
it in the linear equations (10), (12), (5) and (11), respectively,
f h ¼ rhh  rhr  hre0i ¼
–0; _ph ¼ 0;
0; _ph – 0;
(
ð23Þ_f h ¼ _rhh  _rhr ¼ 0; ð24Þ_hr ¼
d _uh
dr
; _hh ¼
_uh
r
; ð25Þ_phr ¼  _kh; _phh ¼ _kh; _phz ¼ 0: ð26Þ
It is worth noticing that the choice of the linear Tresca yield crite-
rion allows one to pass directly to the limit in (12) and obtain
(24). It would not be so easy if the more general, nonlinear, Von
Mises criterion were used.
Moreover, we observe that a new matrix formulation is needed:
the total incremental strain in (1) needs to be separated from the
plastic incremental strain, since, for the homogenized material,
there is no longer a limiting matrix like Cee as in the non-homoge-
neous material. This is due to the fact that we cannot pass to the
limit in (3), where all functions, except _rer , converge weakly. This
alternative formulation starts from a new matrix formulation of
the non-homogeneous material between incremental stress and
incremental total strain in the form
_rer
_reh
_rez
2
64
3
75 ¼
Ae AeN
AeN Ae
AeN AeN
2
64
3
75
d _ue
dr
_ue
r
2
64
3
75þ ð1 NÞ
_keAe
ð1 NÞ _keAe
0
2
64
3
75: ð27Þ
In this form the incremental stress is divided into two parts: the
ﬁrst is computed elastically from the total strain, while the second,
herein named ‘‘correction stress vector”, is computed ‘‘plastically”
using the work-dependent parameter _Ke at every incremental load.
Now the incremental stress–strain relation is stable by homogeni-
zation and the corresponding homogenized form obtained from
(22) reads_rhr
_rhh
_rhz
2
64
3
75 ¼
1
h1=Aei
N
h1=Aei
N
h1=Aei
N2
h1=Aei þ ð1 N2ÞhA
ei
N
h1=Aei
N2
h1=Aei þ ðN  N2ÞhA
ei
2
6664
3
7775
d _uh
dr
_uh
r
2
64
3
75
þ
ð1 NÞ 1h1=Aei _kh
Nð1 NÞ 1h1=Aei _kh  ð1 N2Þ _Kh
Nð1 NÞ 1h1=Aei _kh  ðN  N2Þ _Kh
2
6664
3
7775: ð28Þ
It is worth noticing that, although _Ke can be calculated from _ke in
the non-homogeneous material (see (19)), the effective _Kh is inde-
pendent of _kh. The two effective plastic work-dependent parameters
coexist in the incremental stress correction vector without commu-
nicating, manifesting a kind of homogenization-induced plastic
anisotropy. We can ﬁnally ﬁnd the error of using (1) for the calcu-
lation of the effective incremental stress correction vector. In this
case, the ‘‘homogenized” form reads
_rhr
_rhh
_rhz
2
64
3
75 ¼
1
h1=Aei
N
h1=Aei
N
h1=Aei
N2
h1=Aei þ ð1 N2ÞhA
ei
N
1=Ae
N2
h1=Aei þ ðN  N2ÞhA
ei
2
6664
3
7775
d _uh
dr þ NhAei _Kh þ ð1 NÞ _kh
_uh
r 
_Kh
hAei
2
4
3
5;
ð29Þ
from which and using (21) it follows that the sum of incremental
plastic strains is not zero
N
hAei
_Kh þ ð1 NÞ _kh 
_Kh
hAei ¼ ð1 NÞ
_kh 
_Kh
hAei
 !
¼ 1 N
1þ N _rr
1
hAei 
1
Ae
  
: ð30Þ
But this is not a correct result, the (incorrectly) ‘‘homogenized”
material being no longer plastically incompressible.
3. Homogenization of cylindrically orthotropic non-
homogeneous materials
We now consider the special case of anisotropic material exhib-
iting elastic cylindrical anisotropy and plastic anisotropy. The
incremental stress–strain matrix form reads
_re ¼ Cee _e þ _rpe; ð31Þ
where Cee is the elastic matrix, given by
Cee ¼
Ce11 C
e
12
Ce12 C
e
22
Ce13 C
e
23
2
64
3
75; ð32Þ
and _rpe is the incremental stress correction vector given by
_rpe ¼ Cee _pe: ð33Þ
In the literature there are several generalizations of the Tresca
anisotropic yield criterion (Lemaitre, 2001). Here we adopt the
anisotropic Tresca yield criterion in Berman and Hodge (1959),
rer  reh
ae
¼ 1; r
e
h  rez
be
¼ 1; r
e
z  rer
ce
¼ 1;
reh  rer
de
¼ 1; r
e
z  reh
ee
¼ 1; r
e
r  rez
ge
¼ 1;
ð34Þ
where ae; be; ce;de; ee; ge are material parameters. This yield crite-
rion, together with (9), leads to the anisotropic ﬂow rule
_per ¼ _ke1
@f e
@rr
¼  _ke1; _peh ¼ _ke2
@f e
@reh
¼ _ke2; _pez ¼ _ke3
@f e
@rez
¼ 0: ð35Þ
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necessarily
_ke1 ¼ _ke2 ¼ _ke: ð36Þ
We conclude that the plastic ﬂow is isotropic. The isotropy of the
plastic ﬂow is a necessary result of the choice of Tresca yield crite-
rion, which implies that the z-component of the incremental plastic
strain is equal to zero, and of the incompressibility, which implies
that the two other components are equal to  _ke. The potential use
of Von Mises criterion is less restrictive at this point and may allow
three incremental plastic strain components, dependent on three
plastic coefﬁcients _ke1; _k
e
2;
_ke3 having a sum equal to zero.
Then the incremental stress correction vector _rpe is given by
_rpe ¼
ðCe11  Ce12Þ _ke
ðCe12  Ce22Þ _ke
ðCe13  Ce23Þ _ke
2
64
3
75; ð37Þ
therefore
_rer
_reh
_rez
2
64
3
75 ¼
Ce11 C
e
12
Ce12 C
e
22
Ce13 C
e
23
2
64
3
75 d _uedr
_ue
r
" #
þ
ðCe11  Ce12Þ _ke
ðCe12  Ce22Þ _ke
ðCe13  Ce23Þ _ke
2
64
3
75; ð38Þ
where the elastic coefﬁcients Ce11; C
e
12; C
e
22; C
e
13 and C
e
23 are allowed
to exhibit discontinuities, being only bounded from above and from
below by strictly positive functions. We make the following addi-
tional assumptions on the anisotropic elastic coefﬁcients:
Ce11ðrÞ > Ce13ðrÞ; Ce22ðrÞ > Ce23ðrÞ; Ce13ðrÞP Ce12ðrÞ;
Ce23ðrÞP Ce12ðrÞ; 8r; a 6 r 6 b; ð39Þ
which are sufﬁcient to ensure that equation (9) holds. We also make
the following physically justiﬁable assumptions:
Ce11ðrÞ > Ce12ðrÞ; Ce11ðrÞCe22ðrÞ  Ce12ðrÞ
 2
> 0; 8r; a 6 r 6 b;
ð40Þ
which are sufﬁcient to ensure that _rer ;
d _rer
dr ; _u
e; d _u
e
dr are bounded in
L1ða; bÞ independently of e, as long as the tube is deformed elasti-
cally (Chatzigeorgiou et al., 2008). Then, by assuming continuity
for _rer and _ue at all points between elastic and plastic regions, we
can follow the same lines as in Chatzigeorgiou et al. (2008) and
prove that
_ue ! _uh in Cða; bÞ; _rer ! _rhr in Cða; bÞ: ð41Þ
Then, from the ﬁrst equation of (38) we obtain
d _ue
dr
¼ 1
Ce11
_rer 
Ce12
Ce11
_ue
r
 1 C
e
12
Ce11
 
_ke: ð42Þ
We now put
_Ke1 ¼ 1
Ce12
Ce11
 
_ke ð43Þ
and using (41) we can pass to the limit in (42) and obtain
d _uh
dr
¼ 1
Ce11
 
_rhr 
Ce12
Ce11
 
_uh
r
 _Kh1; ð44Þ
where
_Ke1 ¼ 1
Ce12
Ce11
 
_ke * _Kh1 in L
1ða; bÞ: ð45Þ
Consistency equation _rer ¼ _reh together with the ﬁrst and the second
of equations (38) and (42) give the expression of the plastic work-
dependent non-homogeneous parameter_ke ¼ _u
e
r
 C
e
11  Ce12
Ce11C
e
22  Ce12
 2 _rer : ð46Þ
Recalling (41) the homogenized incremental plastic strain can now
be obtained by passing to the limit in (46) thus obtaining
_kh ¼ _u
h
r
 C
e
11  Ce12
Ce11C
e
22  Ce12
 2
* +
_rhr : ð47Þ
Moreover, we can deﬁne _Kh1 from (46) and (45) by passing to the
limit in terms of _uh and _rhr ,
_Ke1 ¼
Ce11  Ce12
Ce11
_ue
r
 ðC
e
11  Ce12Þ2
C11ðCe11Ce22  Ce12
 2Þ _rer ; ð48Þ
obtaining
_Kh1 ¼
Ce11  Ce12
Ce11
 
_uh
r
 ðC
e
11  Ce12Þ2
C11ðCe11Ce22  Ce12
 2Þ
* +
_rhr : ð49Þ
Using the second equation of (38) and (42) we obtain
_reh ¼
Ce12
Ce11
_rer þ
Ce11C
e
22  Ce12
 2
Ce11
_ue
r
 C
e
11C
e
22  Ce12
 2
Ce11
_ke: ð50Þ
Similarly, from the third equation of (38) and (42),
_rez ¼
Ce13
Ce11
_rer þ
Ce11C
e
23  Ce12Ce13
Ce11
_ue
r
 C
e
11C
e
23  Ce12Ce13
Ce11
_ke: ð51Þ
We next deﬁne
_Ke2 ¼
Ce11C
e
22  Ce12
 2
Ce11
_ke ð52Þ
and
_Ke3 ¼
Ce11C
e
23  Ce12Ce13
Ce11
_ke; ð53Þ
which, owing to (46), permit to pass to the limit and obtain _Kh2 and
_Kh3 in terms of _u
h and _rhr ,
_Kh2 ¼
Ce11C
e
22  Ce12
 2
Ce11
* +
_uh
r
 C
e
11  Ce12
Ce11
 
_rhr ; ð54Þ
_Kh3 ¼
Ce11C
e
23  Ce12Ce13
Ce11
 
_uh
r
 C
e
11  Ce12
 
Ce11C
e
23  Ce12Ce13
 
Ce11ðCe11Ce22  Ce12
 2Þ
* +
_rhr :
ð55Þ
From (44) and (45) we ﬁnd the effective incremental radial stress
_rhr :
_rhr ¼
1
h1=Ce11i
d _uh
dr
þ hC
e
12=C
e
11i
h1=Ce11i
_uh
r
þ
_Kh1
h1=Ce11i
: ð56Þ
Then, using respectively (50), (52) and (51), (53) and passing to the
limit we obtain the remaining effective incremental stresses
_rhh ¼
hCe12=Ce11i
h1=Ce11i
d _uh
dr
þ hC
e
12=C
e
11i2
h1=Ce11i
þ C
e
11C
e
22  Ce12
 2
Ce11
* +" #
_uh
r
 _Kh2 þ
hCe12=Ce11i
h1=Ce11i
_Kh1; ð57Þ
_rhz ¼
hCe13=Ce11i
h1=Ce11i
d _uh
dr
þ hC
e
13=C
e
11ihCe12=Ce11i
h1=Ce11i
þ C
e
11C
e
23  Ce12Ce13
Ce11
 	 

_uh
r
þ hC
e
13=C
e
11i
h1=Ce11i
_Kh1  _Kh3: ð58Þ
We conclude that the effective elastic matrix reads
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1
h1=Ce11i
hCe12=Ce11i
h1=Ce11i
hCe12=Ce11i
h1=Ce11i
hCe12=Ce11i2
h1=Ce11i
þ C
e
11C
e
22 Ce12ð Þ2
Ce11
 
hCe13=Ce11i
h1=Ce11i
hCe12=Ce11ihCe13=Ce11i
h1=Ce11i
þ Ce11Ce23Ce12Ce13Ce11
D E
2
666664
3
777775; ð59Þ
and that the effective incremental stress correction matrix reads
_rph ¼
_Kh1
h1=Ce11i
hCe12=Ce11i
h1=Ce11i
_Kh1  _Kh2
hCe13=Ce11i
h1=Ce11i
_Kh1  _Kh3
2
66664
3
77775; ð60Þ
in which _Kh1 is an incremental strain-dimensioned quantity, while
_Kh2 and _K
h
3 are incremental stress-dimensioned quantities. All these
effective quantities are independent.
The properties of the homogenized material depend on the
equations considered for homogenization. In this paper, we con-
sider the governing equations, including the constitutive incre-
mental equation, written in an appropriate way. The constitutive
equation, written in the form (1), contains the term Cee _pe, which
is the term of two weakly convergent terms, so it cannot converge
to a product. Constitutive equation (1) cannot preserves the prod-
uct Cee _pe in its effective form, so it is not stable by homogenization.
In the present study, we show that, in the case of a multilayered
tube under pressure, the incremental stress–strain relation of the
effective medium can be expressed with an effective elastic stiff-
ness matrix and an incremental stress correction vector. In Hill’s
micromechanics approach (Hill, 1965) the incremental stress–
strain relation of the effective medium is given in terms of an effec-
tive tangent modulus. In such an approach there is no separation
between the elastic and plastic behavior of the homogenized mate-
rial. In the present work, we quantify the elastic and plastic aniso-
tropic behavior of the effective medium. The effective elastic
stiffness matrix presents orthotropic behavior, while the effective
incremental stress correction vector contains two (if the constitu-
ent layers are isotropic) or three (if the constituent layers are
orthotropic) plastic work-dependent parameters.
Our result can be compared with conclusions in Qu and Cherka-
oui (2006), where micromechanics methods for linear behavior
and the related approaches of Hill, Kroner and other researches
are presented. It is reported there that the rate of elastic and plastic
rate in the effective material cannot be produced by ensemble
averaging the corresponding heterogeneous quantities. In the pres-
ent work, in view of looking for effective incremental constitutive
relations (31), we sacriﬁce (1) (equivalently (2)), which is not valid
in the effective material.
Finally, concerning the stress correction vector, we note that
Khatam and Pindera (2009) used this concept for the total
stress–strain relations.4. Numerical simulation
The numerical simulation is a modiﬁed ‘‘stress correction” ﬁnite
difference method, based on the ‘‘initial stress” ﬁnite element
method described in Zienkiewicz et al. (1969). The basic ingredient
is that, in every loading step, the incremental stress correction vec-
tor is computed in terms of plastic parameters corresponding to
the incremental radial stress and displacement, starting from the
previous step, using (14), (21) for the isotropic case and (46),
(47), (49), (54), (55) for the anisotropic case.
In order to solve numerically the problem of a multilayered
tube, special care must be given in the interfaces between the indi-
vidual layers. In this work we approximate the discontinuities be-
tween two layers in the radial direction with sharp but continuousand smooth functions. For this reason we choose the sigmoid func-
tion (Seto and Nishimura, 2004; Chatzigeorgiou et al., 2007)
mðrÞ ¼ 1
1=m1  1=m11=m21þewr
; ð61Þ
where m1 and m2 are the mechanical properties of two neighbor
layers and w is a parameter which controls the sharpness of the
interface region. This approximation produces continuous stresses
and displacements in the r direction, allowing the use of the ﬁnite
difference method.
We will present the numerical simulation of the isotropic case,
the anisotropic case being treated in exactly the same manner. The
system of equations (6) and (7), with boundary conditions (8) is
discretized with the help of ﬁnite differences,
 1
2dr
_rri1 þ
1 N
ri
_rri 
1 N2
r2i
Ai _ui þ 12dr _rriþ1 ¼ 
1 N2
ri
Ai _ki;
ð62Þ
Ai=Ai1
2dr
Ai1 _ui1  _rri þ
N
ri
Ai _ui þ Ai=Aiþ12dr Aiþ1 _uiþ1 ¼ ð1 NÞAi
_ki;
ð63Þ
i ¼ 2;3 . . . ; k 2; k 1. At the end points, the equilibrium equation
is written
1N
a
 3
2dr
 
_rr1 
1N2
a2
A1 _u1þ 2dr _rr2 
1
2dr
_rr3 ¼
1N2
a
A1 _k1;
ð64Þ
1
2dr
_rrk2 
2
dr
_rrk1 þ
1N
b
þ 3
2dr
 
_rrk 
1N2
b2
Ak _uk ¼1N
2
b
Ak _kk:
ð65Þ
Moreover, the boundary conditions are written as
_rr1 ¼  _pi; _rrk ¼ 0: ð66Þ
From the previous formulation and for computational reasons only
we determine at each point _rri and Ai _ui. For the computation of the
plastic strains we follow an iterative method. We consider a pseudo
time s. For small increment of s the iterative procedure is the follow-
ing: (a) At time swe know all the variables. (b) At time sþ Ds and at
the step swesolve the systemof equations (6) and (7),with boundary
conditions (8) and we determine sþDs _rsri ;
sþDs _shi . (c) For all the points
in the elastic region sþDs _ksi ¼ 0, while for all the points in the plastic
region
sþDs _ksi ¼ sþDs _shi 
1
Aið1þ NÞ
sþDs _rsri :
The increment of stress rsh is written with the help of (3) and the
yield condition (10),
sþDs _rshi ¼
NsþDs _rsri þ ð1 N
2ÞAsþDs _shi ; sþDs _ksi ¼ 0;
sþDs _rsri þ srri þ r0i  srshi
 
=Ds; sþDs _ksi > 0:
8<
:
(d) The total stresses are given by the relations
sþDsrsri ¼ srri þ sþDs _rsriDs;
sþDsrshi ¼ srhi þ sþDs _rshiDs;
sþDsrszi ¼ m sþDsrsri þ sþDsrshi
 
:
If the change in the sum of ri ¼ ðr2ri þ r2hi þ r2ziÞ1=2 between steps
s 1 and s at all the points is greater than a speciﬁc limit, then
we return to step (b). Otherwise all the variables at time sþ Ds
are determined and we proceed to the next time increment.
Fig. 2. Periodic material: variation of the elastic coefﬁcient with respect to the radius.
Fig. 3. Periodic material: variation of the yield stress with respect to the radius.
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TRAN code. The system of equations (6)–(8) was solved with the
use of special routines (Anderson et al., 1999). The numerical
method proposed here was tested with the use of some examples
from the literature. Solving the tube of homogeneous material
(Chen and Han, 1988, page 203) or functionally graded material
(Eraslan and Akis, 2005), the numerical method presents an error
in the failure load less than 0.1% from the theoretical values. In
the example of Chen and Han (1988), the incompressible material
was simulated with m ¼ 0:499.
For the homogenized material, Eqs. (62)–(65) are written as
 1
2dr
_rhri1þ
1N
ri
_rhri
1N2
r2i
hAeih1=Aei _u
h
i
h1=Aeiþ
1
2dr
_rhriþ1 ¼
1N2
ri
_Khi ;
ð67Þ
 1
2dr
_uhi1
h1=Aei  _r
h
ri
þ N
ri
_uhi
h1=Aei þ
1
2dr
_uhiþ1
h1=Aei ¼ 
1 N
h1=Aei
_khi ; ð68Þ
i ¼ 2;3 . . . ; k 2; k 1. At the end points, equilibrium equation is
written
1 N
a
 3
2dr
 
_rhr1 
1 N2
a2
hAeih1=Aei _u
h
1
h1=Aei þ
2
dr
_rhr2 
1
2dr
_rhr3
¼ 1 N
2
a
_Kh1; ð69Þ
1
2dr
_rhrk2 
2
dr
_rhrk1 þ
1 N
b
þ 3
2dr
 
_rhrk 
1 N2
b2
hAeih1=Aei _u
h
k
h1=Aei
¼ 1 N
2
b
_Khk : ð70Þ
From the previous formulation we determine at each point _rhri and_uh
i
h1=Aei.
The computational process is similar with the process of the
periodic material. However, in step (c) we compute two plastic
work-dependent multipliers, _khi and _K
h
i from Eq. (21).
5. Numerical examples
We ﬁrst consider a hollow cylinder consisting of 80 thin peri-
odic layers made of two isotropic materials (Fig. 1). Our intention
is to investigate the character of the non-homogeneous material,
when the parameter e tends to zero, which is interpreted as inﬁnite
number of layers. In this example, 80 layers where sufﬁcient to
reach the limited response of the actual material. The mechanical
parameter Ae and the yield stress re0 of the cylinder varies period-ically, as it is shown in Figs. 2 and 3, with average values of the
Young modulus and the yield stress hre0i ¼ 200 MPa and
hE0i ¼ 200 GPa, respectively. The Poisson ratio is equal to 0.3. In
the numerical simulation, AeðrÞ and r0 are approximated by sig-
moid functions, where the parameter w has been chosen to be
equal to 1.E7. The radial stress is equal to pi at the inner surface
and zero at the outer surface. The pressure pi increases progres-
sively, until the failure of the tube. The inner and outer radii are
a ¼ 0:14 m and b ¼ 0:2 m, respectively. The numerical solution of
the problem is based on the procedure described in the previous
section. In the analysis, 10001 equidistant nodes are used. The elas-
tic stiffness matrices of the two distinct layers are (the units are in
GPa)
188:46 80:77
80:77 188:46
80:77 80:77
2
64
3
75;
350 150
150 350
150 150
2
64
3
75:
In Fig. 4, we show a non-dimensional stress–strain curve, based on
Chen and Han, 1988, p. 203. The failure occurs at pi ¼ 71:23 MPa.
Following Eraslan and Akis, 2005, we present in Fig. 5 non-dimen-
sional diagrams at a pressure level pi ¼ 66:542 MPa, where r ¼
r=b; ue ¼ uehE0i= bhre0i
 
; rej ¼ rej =hre0i; pej ¼ pej hE0i=hre0i; j ¼ r;
h; z and _ke ¼ 100 _kehE0i=hre0i. Regarding the variation of the plastic
multiplier _ke we observe that there are three zones in the tube:
one totally plastic from the inner radius to r ¼ 0:16925 m (end of
the 39th layer), one with successive elastic and plastic regions from
r ¼ 0:16925 m to r ¼ 0:172244 m (end of the 43rd layer) and one
totally elastic from r ¼ 0:172244 m to the outer radius. The varia-
tion of the incremental stress with respect to radius for two differ-
Fig. 4. Periodic material: the relation between internal pressure and displacement.
a
b
G. Chatzigeorgiou et al. / International Journal of Solids and Structures 46 (2009) 3902–3913 3909ent pressure levels is shown in Fig. 6. Finally, we present the stress,
displacement and strain variation with respect to radius at the fail-
ure in Fig. 7.Fig. 5. Periodic material: variation of stresses, displacement and strains with
respect to the radius for pi ¼ 66:542 MPa.
Fig. 6. Periodic material: variation of incremental stress with respect to the radius
for (a) pi ¼ 66:542 MPa and (b) pi ¼ 70:35 MPa.Next, we proceed to the homogenized material. The computa-
tional procedure was described in the previous section. The elastic
stiffness matrix of the effective medium is (the units are in GPa)
245 105
105 264:78
105 110:93
2
64
3
75:
Additionally the two plastic coefﬁcients are given by the
expressions
_kh ¼ _u
h
r
 2:857 106 _rhr ; _Kh ¼ 269231
_uh
r
 0:7 _rhr :
In Fig. 8 we compare the stress–strain diagram between the non-
homogeneous and the homogenized material. The two curves seem
to practically coincide. The homogenized material fails at inner
pressure equal to 71.32 MPa, which differs from the failure pressure
of the non-homogeneous material by 0.126%. At a pressure
pi ¼ 66:542 MPa we present the variation of non-dimensional stres-
ses, plastic strains and displacements with respect to radius at
Fig. 9, where the plastic parameters are _kh and _Kh ¼ 100 _Kh=hre0i.
Two zones exist: one totally plastic from the inner radius to
r ¼ 0:16994 m and one totally elastic from r ¼ 0:16994 m (end of
the 40th layer of the periodic material) to the outer radius. The dif-
ferent number of elastic–plastic zones in the solution of inhomoge-
neous and homogenized problems is due to the oscillations of radial
and angular plastic strains per ; 
pe
h , approaching 0. We note that the
absence of the intermediate zone causes increase of the elastic zone
in the homogenized material. The length of the totally plastic zone
of the homogenized material differs from the corresponding length
of the non-homogeneous material by 0.47%. The variation of the
incremental stress with respect to radius (for the same pressure lev-
els with these of the non-homogeneous material depicted in Fig. 6)
Fig. 7. Periodic material: Variation of stresses, displacement and strains with
respect to the radius at failure.
Fig. 8. The relation between internal pressure and displacement for the non-
homogeneous and for the homogenized material.
Fig. 9. Homogenized material: variation of stresses, displacement and strains with
respect to the radius for pi ¼ 66:542 MPa.
3910 G. Chatzigeorgiou et al. / International Journal of Solids and Structures 46 (2009) 3902–3913is shown in Fig. 10. Finally, in Fig. 11, we present the stress, dis-
placement and strain variation with respect to radius at the failure.
In the next example, we consider a hollow cylinder consisting of
80 thin periodic layers made of two orthotropic materials. The ﬁrst
material is graphite/epoxy laminae, where the elastic mechanical
characteristics are based on Tarn and Wang (2001). The second
material is produced by the ﬁrst one by 30% increase of its mechan-
ical properties. The stiffness matrices of the two materials are139:638 3:9
3:9 15:278
3:9 3:294
2
64
3
75;
181:53 5:07
5:07 19:861
5:07 4:28
2
64
3
75;where the units are in GPa. The two layers are assumed to have the
same yield stress, equal to 200 MPa. The geometry and the meshing
of the tube is exactly the same with the one of the previous
example.
Even though the elastic constants of the layers do not satisfy the
inequalities (39), in the analysis performed, there is no point or
pressure level where the stresses violated the basic inequality (9)
(see for instance the stress-radius curves in Fig. 13). This allows
us to use the results for the effective properties obtained at Section
3.
In Fig. 12 we observe that the multilayered tube fails at internal
pressure equal to 71.3. The homogenized material’s response is
very close to that of the non-homogeneous. Fig. 13 shows again
three different zones of the tube, starting from the inner radius:
one totally plastic until the end of the 8th layer, one with elastic
and plastic regions until the end of the 31st layer and on com-
pletely elastic until the outer surface of the tube. The tube with
ab
Fig. 10. Homogenized material: variation of incremental stress with respect to the
radius for (a) pi ¼ 66:542 MPa and (b) pi ¼ 70:35 MPa.
Fig. 11. Homogenized material: variation of stresses, displacement and strains with
respect to the radius at failure.
Fig. 12. Relation between internal pressure and displacement for the non-homo-
geneous orthotropic material and the homogenized.
Fig. 13. Periodic orthotropic layers: variation of stresses and plastic multiplier with
respect to the radius at pi ¼ 60 MPa.
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plastic until the middle of the 18th layer of the multilayered tube,and one elastic until the external radius. The plastic parameters in
Figs. 13 and 14 are normalized according to the relations
_ke¼100Ch11 _ke=r0; _kh ¼ 100Ch11 _kh=r0; _Kh1 ¼ 100Ch11 _Kh1=r0; _Kh2 ¼ 100 _Kh2=
r0; _Kh3 ¼ 100 _Kh3=r0.6. Conclusion
In this work, the homogenization of a periodic elastic–perfectly
plastic pressurized tube made of very dissimilar materials is pre-
sented. The problem is stable by homogenization, in the sense that
the equations of the heterogeneous and of the effective medium
have the same form, provided that the incremental stress–strain
matrix equation is expressed in terms of the elastic stiffness matrix
and the incremental stress correction vector. This formulation
excludes the production of the rate of elastic and plastic effective
Fig. 14. Homogenized material: variation of stresses and plastic multipliers with
respect to the radius at pi ¼ 60 MPa.
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quantities. This result can be compared with the results of other
researchers, concerning the effective strain-rate. However, con-
trarily to Hill’s approach, which is based on the use of tangent
modulus, the incremental stress correction vector-based approach
in the present paper leads to solving the effective material inde-
pendently of the corresponding heterogeneous medium, since
effective coefﬁcients are given by explicit formulas. In the present
work, we quantify the elastic and plastic behavior of the effective
medium and explain the homogenization-induced anisotropies
for the isotropic materials. In the case of orthotropic materials,
the effective incremental stress correction vector contains three
independent plastic work-dependent parameters.Appendix A
The ﬁrst and the third equations (16) for a cylindrically aniso-
tropic material take the form (Chatzigeorgiou et al., 2008)
drer
dr
þ 1 C
e
12=C
e
11
r
rer ¼
Ce11C
e
22  Ce12
 2
r2Ce11
ue;
due
dr
þ C
e
12
rCe11
ue ¼ r
e
r
Ce11
;
ðA-1Þ
where Ceij the material constants, bounded from above and from be-
low. We put
e
R r
a
1Ce
12
ðnÞ=Ce
11
ðnÞ
n dn ¼ /eðrÞ; e
R r
a
Ce
12
ðnÞ
nCe
11
ðnÞdn ¼ veðrÞ;
Ce11ðrÞCe22ðrÞ  Ce12ðrÞ
 2
r2Ce11ðrÞ
¼ weðrÞ > 0:
ðA-2Þ
Properties of functions /e; ve and we, such as the positiveness of we,
are due to (40). Then, by using the boundary condition rerðaÞ ¼ pi,
we obtain from equations (A-1)rerðrÞ ¼
1
/eðrÞ pi þ
Z r
a
/eðnÞweðnÞueðnÞdn
 
; ðA- 3Þ
ueðrÞ ¼ 1veðrÞ u
eðaÞ þ
Z r
a
veðnÞ r
e
rðnÞ
Ce11ðnÞ
dn
 
; ðA-4Þ
where ueðaÞ is the unknown value of ue at r ¼ a. Combining equa-
tions (A-3) and (A-4) gives
rerðrÞ¼
1
/eðrÞ piþu
eðaÞ
Z r
a
feðnÞdnþ
Z r
a
feðnÞ
Z n
a
veðsÞ r
e
rðsÞ
Ce11ðsÞ
ds
 
dn
	 

:
ðA-5Þ
where
feðrÞ ¼ /eðrÞweðrÞ=veðrÞ > 0: ðA-6Þ
Based on the above equations, we examine all possible combina-
tions (Chatzigeorgiou et al., 2008) of signðueðaÞÞ and behavior of ue
and re and prove that ueðrÞ > 0 monotone decreasing function
and rerðrÞ 6 0 monotone increasing function for every a 6 r 6 b.
Using (A-3) and (A-4) and the properties of /e and ve leads to the
boundedness of the L1-norms of ueðrÞ and rerðrÞ independently of
e. Then, by using (A-1) we show that the L1-norms of du
e
dr and
drer
dr
too are bounded independently of e. Then, there exist a subse-
quence re0r , still denoted by rer , and a rhr , and a subsequence ue
0 , still
denoted by ue, and a uh such that
rer ! rhr in Cða; bÞ; ðA- 7Þ
ue ! uh in Cða; bÞ; ðA-8Þ
and we can pass to the limit in (A-1). The system of the second and
the forth equations (16) may be treated in a similar way, using the
continuity conditions for ueðrÞ and rerðrÞ at all common points of
elastic and plastic regions.
Appendix B
From Appendix A we conclude that there exists only the case
ueðrÞ > 0 and rerðrÞ 6 0, where rerðrÞ is a monotone increasing func-
tion from pi to zero. Then, from the equilibrium equation
rehðrÞ > rerðrÞ: ðB-1Þ
In the case of an isotropic material, the stresses in the elastic region
are written as
rehðrÞ ¼ NrerðrÞ þ
1 N2
r
AueðrÞ;rezðrÞ ¼ m rerðrÞ þ rehðrÞ
 
: ðB-2Þ
For m < 0:5 (N < 1), ueðrÞ > 0 leads to rehðrÞ > NrerðrÞ, or, due to (4)
and (B-2)2,
rehðrÞ > rezðrÞ: ðB-3Þ
Finally, rerðrÞ 6 0 and N < 1 implies that NrerðrÞP rerðrÞ, or
2mrerðrÞP rerðrÞ. (B-1) and (B-2)2 lead to rezðrÞ > 2mrerðrÞ, so
rezðrÞ > rerðrÞ: ðB-4ÞReferences
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